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A typical textbook problem in rotational dynamics 
involves calculating the angular acceleration of a 
massive pulley due to a string, such as in the example 
shown in Fig. 1. The string is assumed to be massless and to 
move without slipping over the pulley, which is mounted on 
a frictionless axle. If T L and T R are the tensions pulling at the 
left and right edges of the pulley (see Fig. 1), respectively, the 
net torque on the pulley is then r net = (T L - T R )£, where R 
is the radius of the pulley. (It is assumed that positive torque 
corresponds to the counterclockwise direction.) While this 
analysis, which is typical of what is found in many introduc- 
tory physics texts, 1 is correct, it should raise several questions 
in the mind of a student. First, since most texts argue that the 
tension everywhere in a massless string is constant, 2 why is 
T l A T r ? Second, since tension is an internal force (except 
at the ends of the string, which are obviously not tied to the 
pulley), 3 how can tension exert a force and torque on a pul- 
ley? In this paper, we will address these questions, which 
are overlooked in most textbook treatments of this problem 
whose approach appears inconsistent with the concepts pre- 
sented elsewhere in the text. 

As should be expected, the answers to the above ques- 
tions can be found in the literature, but surprisingly, they 
come mainly from the analysis of a related but different prob- 
lem — the problem of the capstan. Quite some time ago in this 
journal, Hazelton described how a capstan uses friction as a 
force multiplier to secure a boat. 4 The treatment is well known 
for this problem, 5 and various lab exercises have verified its 
predictions, 6 ' 8 but it is surprising that the same analysis is not 
also applied to the pulley problem, which is more frequently 
encountered. 


We begin by addressing the first question above on why the 
tension is not constant in the pulley problem. Let us consider 
an infinitesimal segment of the string subtending by an angle 
dO as shown in Fig. 2. If the string is massless (so gravity may 
be neglected), there are four forces acting on this segment. 
First, there are the two tensions T and T+dT pulling on the 
segment at angles dO/2 relative to the tangent line of the pulley 
at that point. Then the pulley exerts a normal force n(0)d0 , di- 
rected radially outward on the segment, and a frictional force 
df. (Here we assume the string would slide counterclockwise 
around the pulley if there was no friction between the string 
and pulley, so the direction of df is chosen to counter this 
motion.) If the string is slipping with respect to the pulley, df 
would be due to kinetic friction (rather than static friction). If 
we apply Newtons second law to the tangential components of 
the forces, we have 

dO 
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dm — [{T + dT ) — T ] cos 


df. 
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where dm is the mass of the segment. Since dO is infinitesimal, 
cos ( dO/2 ) = 1. Finally, since we assume the string is massless, 
dm = 0, which then tells us that the difference in tensions 
dT = df We can see from this equality that the tension var- 
ies in the portion of the string in contact with the pulley due 
to the existence of friction. Therefore, if there is no friction 
between the pulley and string, the tension within a massless 
string is indeed a constant throughout the string, even in this 
problem. However, in the presence of friction, the tension 
cannot be the same everywhere, even for a massless string. It 
is interesting to note that in most such pulley problems, the 
difference in tensions T L and T R is essentially assumed as a 
fact, which must be true since the pulley experiences an angu- 



Fig. 1. A free-body diagram that is typical of what is found in 
textbooks to calculate the torque exerted on a pulley by a string. 
Here we will assume 7~ L >7~ R so that the pulley’s angular accelera- 
tion is counterclockwise. 



Fig. 2. Here we examine the forces on an infinitesimal segment 
of the string in contact with the pulley, and the reaction forces 
that act back on the pulley. 
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lar acceleration, but the origin of this difference is not usually 
explained. 

To solve the second question, how the tension can exert a 
torque on the pulley, we need only look at the forces the string 
segment exerts on the pulley, as shown in Fig. 2. There we see 
that the tension does not act on the pulley. Rather, the string 
segment exerts a frictional force df and a normal force 
n(0 )d0 on the pulley, which are the reaction pairs of the forces 
of the pulley on the string segment. Furthermore, since the 
line of action of the normal force acts through the axle, it can- 
not exert a torque on the pulley; only the frictional force can 
produce a torque on the pulley. 

Let us now calculate the total torque on the pulley due to 
the frictional force of the entire string. The torque due to the 
single segment shown in Fig. 2 is dr = Rdf= RdT , since we 
have shown that df= dT. Since the direction of the torques of 
each segment is the same, the total torque is then obtained by 
integrating each part, giving 

= f TL dr = Rf fL df = R P dT = (T, - T k )R, (2) 

Oj r d 1 R 

where the subscripts “L” and “R” denote the values of the 
quantities on the left- and right-most segments in contact 
with the pulley. 

It now becomes clear why the net torque T net = (T L - T r )R 
formula given in many introductory physics texts is correct 
despite the fact that it is the frictional force between the string 
and the pulley that actually exerts the torque on the pulley. 
The difference in tension between the ends of the string is due 
to the friction between the string and the pulley. When we 
calculate the total torque on the pulley due to this friction, the 
result is the same as the torque due to the difference of ten- 
sions between the left and right ends of the string. 

One can perform a similar analysis to show that the ten- 
sions also do not exert a force on the pulley. However, when 
one calculates the actual forces on the pulley due to the nor- 
mal and frictional forces, we again find that for a massless 
string the net force is the same as if the tensions T L and T R 
acted on the pulley. 

So why do most textbooks fail to consider these issues 
when discussing pulley problems like this? One answer may 
be that this more complete analysis overly complicates the 
problem since both approaches give the same result. But as we 
have tried to point out, this can lead to conceptual issues with- 
in the mind of the student since the textbook analysis appears 
inconsistent with other statements made in the same book. 

Is there a way to make the textbook treatment consistent 
while retaining its simplicity? One might consider redefining 
the system. If the string and pulley are considered as separate 
parts, then one must discuss the forces between them. How- 
ever, Fig. 1 suggests a different approach. Suppose we instead 
consider as our system the pulley + segment of the string in 
contact with the pulley. Then if we consider the forces on 
this pulley-string segment system, the tensions T L and T R 
exerted by the left and right portions of the string that are not 


in contact with the pulley now are external forces, and the 
friction and normal forces no longer need to be considered 
since they are internal forces. Since the string is massless, the 
contact string segment does not modify the pulley s moment 
of inertia and so does not affect the pulley s angular accelera- 
tion. The analysis can then proceed as usually presented in the 
textbook, although one still needs to discuss why T L and T R 
are different. 

To summarize, we hope that we have raised some issues 
when considering pulley problems involving massless strings 
like those found in most textbooks. While the general ap- 
proach these books use leads to the correct answer, it may 
raise confusion in the minds of students since it appears 
inconsistent with concepts described elsewhere in the same 
book. A more careful treatment based on the well-known 
discussion from the capstan problem that we have reproduced 
here should be presented as an example so that students can 
understand why the simpler approach is valid. In addition, 
more care should be taken to emphasize the assumptions be- 
ing made when arguing that the tension is constant through- 
out a massless string. 
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